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ABSTRACT
We present a model for magnetic energy dissipation in a pulsar wind nebula. Better understand-
ing of this process is required to assess the likelihood that certain astrophysical transients may be
powered by the spin-down of a “millisecond magnetar.” Examples include superluminous supernovae,
gamma-ray bursts, and anticipated electromagnetic counterparts to gravitational wave detections of
binary neutron star coalescence. Our model leverages recent progress in the theory of turbulent mag-
netic relaxation to specify a dissipative closure of the stationary magnetohydrodynamic (MHD) wind
equations, yielding predictions of the magnetic energy dissipation rate throughout the nebula. Syn-
chrotron losses are treated self-consistently. To demonstrate the model’s efficacy, we show that it can
reproduce many features of the Crab Nebula, including its expansion speed, radiative efficiency, peak
photon energy, and mean magnetic field strength. Unlike ideal MHD models of the Crab (which lead
to the so-called σ-problem) our model accounts for the transition from ultra to weakly magnetized
plasma flow, and for the associated heating of relativistic electrons. We discuss how the predicted
heating rates may be utilized to improve upon models of particle transport and acceleration in pulsar
wind nebulae. We also discuss implications for the Crab Nebula’s γ-ray flares, and point out potential
modifications to models of astrophysical transients invoking the spin-down of a millisecond magnetar.
Subject headings: pulsars: general — magnetohydrodynamics — magnetic reconnection — turbulence
— gamma rays: stars — stars: winds, outflows
1. INTRODUCTION
A pulsar wind nebula (PWN) is a bubble of relativis-
tic plasma energized by a rapidly rotating, magnetized
neutron star. The prototypical PWN is the Crab Neb-
ula, which is decisively the best studied celestial object
beyond our solar system, having served for decades as a
testbed for theories of astrophysical outflows and their
radiative processes. PWNe are also of broad interest
in astroparticle physics, as potential sources of galactic
positrons (Chi et al. 1996) and ultra-high energy cosmic
rays (Arons 2002). More generally, PWNe have ultra-
energetic (albeit hypothetical) counterparts in the winds
of so-called “millisecond magnetars.” Such exotic ob-
jects may be formed in the coalescence of binary neu-
tron star systems, in which case they could yield the
first electromagnetic counterparts to gravitational wave
detections (Metzger et al. 2011; Zhang 2013; Gao et al.
2013; Zrake & MacFadyen 2013; Metzger & Piro 2014;
Liu et al. 2016). Or, if formed during the core-collapse of
a massive star, a millisecond magnetar could re-energize
the ejecta shell, helping to explain the light-curves of cer-
tain hydrogen-poor superluminous supernovae (Woosley
2010; Kasen & Bildsten 2010; Dessart et al. 2012; Met-
zger et al. 2013; Kasen et al. 2016).
Morphological and radiative characteristics of pulsar
winds are shaped by the rate with which they dissipate
magnetic energy. This can be seen from basic consid-
erations of the Crab. While energy streams away from
the pulsar in the form of an ultra-magnetized plasma
wind (e.g. Goldreich & Julian 1969), throughout the neb-
ula it is shared equitably with particles (Rees & Gunn
1974). To be sure, low magnetization levels in the range
of 10−3 − 10−2 are required to explain the nebula’s ex-
pansion speed (Kennel & Coroniti 1984a), synchrotron
spectrum (Kennel & Coroniti 1984b), and mildly prolate
appearance (Begelman & Li 1992). Such low magneti-
zation cannot be attained in the absence of dissipative
effects (Michel 1969; Goldreich & Julian 1970; Chiueh
et al. 1991; Begelman & Li 1994).
At the time of the early models, little was known about
how and where magnetic dissipation operates in a PWN,
so the issue was dealt with pragmatically. Kennel &
Coroniti (1984a) assigned a small, nominal magnetiza-
tion to the plasma emerging from the inner nebula, and
modeled its flow henceforth adiabatically. By construc-
tion, this procedure leaves any dissipative processes, and
thus the electron heating profile unspecified; all the neb-
ula’s relativistic electrons appear in this description to
be sourced from the immediate vicinity of the wind ter-
mination shock.
Today the details of magnetic energy dissipation in
the Crab are much better understood. Magnetic field
supplied by the pulsar has distinct AC and DC compo-
nents, which dissipate in different ways. The AC field
(also referred to as “striped wind”, Michel 1971; Coro-
niti 1990; Michel 1994) consists of magnetic reversals,
which dissipate by mixing and annihilating one another.
The striped wind fills the equatorial wedge of the freely
expanding pulsar wind, whose opening angle is deter-
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2mined by the pulsar’s magnetic obliquity (e.g. Komis-
sarov 2012). The pulsar wind’s DC power on the other
hand, is carried outward by a regular toroidal magnetic
field. After being decelerated at the so-called wind termi-
nation shock (or a series of shocks, Lyubarsky 2003a), the
toroidal field’s hoop stress induces flow toward the polar
axis (Lyubarsky 2002), yielding an unstable z-pinch con-
figuration (Begelman 1998) seen in X-ray observations
(e.g. Hester et al. 2002) as the Crab’s polar jet feature.
Dynamical instabilities act continuously to convert the
energy of freshly supplied magnetic hoops into turbu-
lence and eventually heat (Porth et al. 2013a,b).
Our aim in this paper is to develop a model for the
flow of magnetized plasma in a PWN, which captures
these dissipative processes as they influence the object’s
morphological and radiative characteristics. Most of the
new ideas presented here go toward crafting a physically
motivated prescription for the dissipation of the mag-
netic field by turbulent relaxation. Our key assumption
is that relaxation proceeds dynamically, in the sense that
magnetic energy density may be assigned a local half-
life τ , determined at each point by a comoving Alfve´n
speed and “eddy” scale. This assumption is motivated
by recent numerical work, which reveals a tendency for
magnetic field configurations to relax and dissipate by
exciting turbulent motions, provided that states of lower
magnetic energy are topologically accessible in the sense
of Taylor (1974). This principle was illustrated by East
et al. (2015) and Zrake & East (2016) using high res-
olution numerical simulations of prototypical force-free
equilibria (so-called “ABC” fields, Arnold 1965). More
specific to the Crab, both sources of magnetic free energy
supplied by the pulsar — the striped wind and the large-
scale magnetic hoops — are seen to dissipate by tur-
bulent relaxation. Simulations reported in Zrake (2016)
indicate the alternating magnetic field pattern survives
only of order its proper Alfve´n time before most of its
energy has been dissipated into turbulence, while simu-
lations by Mizuno et al. (2011) and also Mignone et al.
(2013) make analogous predictions regarding relaxation
of the large-scale toroidal magnetic field by kink insta-
bilities. The general formalism we adopt for solving the
wind equations, and a precise explication of our dissipa-
tion model, is presented in Section 2.
Much of the present paper focuses on validating this
model for magnetic dissipation in PWNe by matching
features of the Crab Nebula. We explore the AC and
DC dissipation modes in turn, treating dissipation of
striped wind in Section 3, and relaxation of the large-
scale toroidal field in Section 4. The purely AC case
corresponds to a hypothetical nebula powered by an or-
thogonally rotating pulsar, while the purely DC case cor-
responds to an aligned rotator. While the Crab Pulsar’s
obliquity is likely somewhere in between (e.g. Harding
et al. 2008), we show in Section 4 that the nebula’s ap-
pearance can actually be described in terms of a DC-only
wind, in which relaxation of magnetic structures hav-
ing the scale of the termination shock yields a volume-
average magnetization around 10−2. By comparison, in
a purely AC wind, dissipation runs too quickly and the
nebular magnetization falls to ∼ 10−9.
Our model is based on steady-state non-ideal MHD
flow in spherical geometry. Flow solutions are obtained
using robust numerical methods for ordinary differential
equations. In this way we are able to simulate realis-
tic wind Lorentz factors and magnetization levels (each
reaching ∼ 106). Such ultra-relativistic conditions can-
not be accessed by typical Godunov-type MHD codes.
Our formalism also includes a self-consistent treatment
of optically thin synchrotron radiation, which we describe
in Sections 2.1 and 2.3. Energy and momentum losses to
radiation only marginally influence the dynamics of the
Crab, as its radiative efficiency is in the vicinity 20−30%
(Hester 2008). However, we point out in Section 5.4 that
radiative losses will become dominant in certain scenar-
ios of interest. In particular, forced magnetic reconnec-
tion in a pulsar wind that is shocked at relatively close
range due to confinement by a dense medium is found to
convert essentially 100% of the wind power into γ-rays.
We comment on how this might impact theories of astro-
physical transients for which sustained energy injection
by a millisecond magnetar is invoked.
In Section 5.2 we discuss implications of our model for
the Crab Nebula γ-ray flares, and in Section 5.3 we pro-
pose a means by which our model may yield improved
calculations of the non-thermal particle spectrum and
evolution in PWNe. Throughout the paper, we utilize
a notation in which v denotes a speed (normalized by
c) while u = γv and γ = 1/
√
1− v2 denote the corre-
sponding four-speed and Lorentz factor. Proper density
of plasma is denoted by ρ, which is implicitly multiplied
by c2 so it has dimensions of rest-mass energy per unit
volume. Variables with a subscript zero, e.g. u0 indicate
values at the base of the wind.
2. EQUATIONS OF MOTION
Here we develop equations for a stationary, relativistic
plasma wind, subject to radiative losses and turbulent
magnetic reconnection. We adopt the toroidal MHD ap-
proximation, in which the flow is radial and the magnetic
field is transverse. The flow is envisioned to contain a
small-scale magnetic free energy which is in a state of tur-
bulent relaxation. The free energy, or “eddy” scale is de-
noted by `, and unlike earlier analyses of magnetic ther-
malization in relativistic outflows, we evolve that scale in
a manner consistent with numerical simulations of tur-
bulent magnetic relaxation in relativistic systems (Zrake
2014; Zrake & East 2016). This picture is adapted to the
freely expanding pulsar striped wind by initiating ` to the
distance between magnetic reversals (∼ P?c, where P? is
the pulsar rotation period), and to the large-scale nebu-
lar magnetic field by initiating ` to the termination shock
radius. In the equations that follow, the flow variables
are understood to represent averages over scales that are
larger than `, yet smaller than the global system size.
2.1. Conservation laws
The equations of relativistic MHD are given by conser-
vation of mass, energy, momentum, and magnetic flux.
Here, we will be using one-dimensional spherical coor-
dinates and assuming a steady-state flow, so that only
derivatives with respect to the radial coordinate r are
non-zero. Conservation of mass is given in general by
∇µ (ρuµ) = 0 ,
where ρ is the comoving density, and uµ is the four-
velocity. In spherically symmetric flow, the rate of mass
3loss per steradian, f = r2ρuc, is a constant at each ra-
dius, where u = γv is the radial four-velocity. For opti-
cally thin plasma, conservation of energy and momentum
is given by
∇µTµν = −uν ˙ , (1)
where Tµν is the stress-energy tensor, and ˙ is the co-
moving emissivity, assumed to be isotropic in the plasma
rest-frame. The time component of Equation 1 is the
energy conservation law, which dictates that the change
in wind luminosity L = 4pifη at each radius is balanced
by the radiative power. Here, η = γw is the luminos-
ity per unit mass loss, with w denoting the total specific
enthalpy. η is constant at each radius when radiation is
neglected. The r-component of Equation 1 is radial force
balance,
d
dr
[
r2
(
ρwu2 + p+ b2/2
)]
= −r2u˙+ 2pr ,
which expresses cancellation of the total pressure gradi-
ent (ram, gas, and magnetic) and inward magnetic ten-
sion force, and is the Bernoulli equation for this system.
Here, b ≡ Bφ/
√
4piγ denotes the comoving magnetic field
(for notational convenience, b is normalized so that mag-
netic pressure is b2/2). The term proportional to ˙ rep-
resents wind inertia carried away by photons.
Magnetic flux transport in a flow containing magnetic
free energy is complicated by non-ideal effects. Our ap-
proach here is to subsume the non-linear reconnection
physics into a dissipation function, denoted by ζ˙, which
prescribes the loss of magnetic flux over distance. The
ideal MHD induction equation,
∂tB = ∇× (v ×B) (2)
implies that ddr (r
2b2u2) = 0, when the flow is toroidal
and stationary (in Equation 2, v = cvrˆ). Dividing by
f , we see that ζ = σu is a non-dissipative invariant.
Here, σ = b2/ρ is the ratio of the wind’s electromagnetic
to kinetic power. Note that this definition of σ does
not include gas enthalpy in the denominator, and that
the definition of Kennel & Coroniti (1984a), denoted as
σ˜ ≡ σ/(1 + µ) will be used later on in Section 4.
To close the system we adopt a Γ-law equation of state,
for which the gas pressure p = ρe(Γ− 1), where e is the
thermal energy per unit rest-mass energy. The corre-
sponding specific entropy is s = ln(p/ρΓ). Throughout
we will use the value Γ = 4/3 appropriate for relativis-
tic gas particles. The total specific enthalpy is given by
w = 1 + µ + σ, where µ = e + p/ρ = Γe is the thermal
enthalpy per unit rest-mass energy.
The wind equations can now be written down as
df = 0 (3)
γ dw + w dγ=−γ
ρ
d (4)
d
(
wu+
σ
2u
)
+
dp
ρu
=−u
ρ
d (5)
u dσ + σ du=dζ (6)
dp
p
− Γdρ
ρ
=ds , (7)
which are compact versions of the continuity equation,
the energy equation, the radial force balance, the phe-
nomenological flux transport law, and the thermody-
namic entropy relation. All terms appearing on the right-
hand side would be zero when the wind is non-radiative
and non-dissipative. The derivative d may be with re-
spect to r, or to the proper elapsed time of a fluid ele-
ment. Primes denote d/dr, while dots are comoving time
derivatives, e.g. ˙ = u′.
Equations 3 through 7 may be combined 1 to yield the
ordinary differential equation for the four-velocity,
P
du
dr
+Q
u
r
+R = 0 (8)
where P , Q, and R are given by
P =
(
v2f − v2
) η
Γ− 1
Q= 2γµ
R=
(
Γ− 2
Γ− 1
)
1
2v
ζ˙ − η˙ ,
and vf is the fast magnetosonic speed,
v2f =
Γp+ b2
ρw
.
Numerical wind solutions are obtained by integrating the
unknowns u, ζ, and η simultaneously in r, using Equation
8, and chosen prescriptions for η˙ and ζ˙.
The wind equations may also be arranged to give the
rate of entropy generation. By inserting the thermody-
namic enthalpy relation dµ = e ds+dp/ρ (which is equiv-
alent to Equation 7) into Equation 5, and then substi-
tuting Equations 4 and 6, we obtain
ds =
1
e
(
dη
γ
− dζ
2u
)
.
This reflects that any non-ideal MHD processes (dζ <
0) generate entropy at the expense of otherwise frozen-
in magnetic flux, while radiative losses (dη < 0) reduce
entropy by cooling the plasma.
2.2. General properties of the toroidal MHD wind
It is worth pointing out certain mathematical features
of Equation 8. First, the toroidal MHD wind cannot go
smoothly through a fast magnetosonic point, regardless
of how dissipation occurs 2. Second, the post-shock flow
is always subsonic, and decelerates to a terminal speed
proportional to the net magnetic flux. We briefly explain
these points here.
The lack of critical points can be shown by inspecting
the polynomials P and Q. For u to increase smoothly
through uf , the ratio Q/P would need to be finite there.
But P = 0 when u = uf , so Q would have to vanish
1 Equation 8 is obtained starting with Equation 5. We then make
the substitutions ρ = f/r2uc and dp = (dw − wρdρ − wσdσ)/wp,
where the subscripts denote partial derivatives of the equation of
state, written as w(p, ρ, σ). We then insert expressions for dw and
dσ obtained from Equations 4 and 6. This leaves an expression in
which the only remaining differentials are du, dr, dη, and dζ. We
finally divide through by dr and set dη/dr = η˙/u and dζ/dr = ζ˙/u.
2 Spherical MHD winds that accelerate smoothly through a fast
point require that radial magnetic field and azimuthal velocity
are non-zero (Michel 1969; Goldreich & Julian 1970; Kennel et al.
1983).
4simultaneously. The condition Q = 0 yields the quartic
polynomial
(γ2 − 1)(η − γ)2 − γ2ζ2 = 0 . (9)
For Equation 9 to have a root at uf , the condition
η2/3 − ζ2/3 = 1 (10)
must also be met. If Equation 10 is satisfied, then the
wind has zero temperature and coasts along at the fast
magnetosonic speed. If Equation 10 is not satisfied, then
P and Q have no simultaneous roots, and thus u′ cannot
be finite where u = uf . These conclusions do not depend
on the value of R, so however dissipation or radiation
may occur, the flow will not go smoothly through a fast
magnetosonic point.
Since u′ = 0 when Q = 0 (assuming for the mo-
ment that R = 0), the roots of Equation 9 represent
asymptotic wind speeds. The subsonic solution branch
has a terminal speed given roughly by ζ/η, so as men-
tioned before, the post-shock flow moves away with a
constant speed proportional to the magnetic flux. Impor-
tantly, magnetic dissipation oppositely affects the sub-
sonic and supersonic solution branches. It is easily seen
that R ≥ 0 (since ζ˙ ≤ 0 and 1 < Γ < 2), while P
is negative for supersonic flow and positive for subsonic
flow. Since u′ = −R/P (now assuming that Q = 0),
it is clear that magnetic dissipation accelerates the su-
personic (pre-shock) flow and decelerates the subsonic
(post-shock) flow.
2.3. Synchrotron radiation
Evolution of η (the wind luminosity per particle) oc-
curs only as the result of radiative losses. If radiation
were neglected, the plasma energy and momentum would
be conserved and the right-hand-side of Equation 1 would
be equal to zero. Here we assume that synchrotron is
the dominant radiative mechanism, that the nebula is
optically thin to the emitted photons, that gas pressure
is isotropic, and that particles are mono-energetic, with
the thermal Lorentz factor given by γth = 1 + e. The
comoving synchrotron luminosity per particle is given by
(Rybicki & Lightman 1979)
Psync =
4
3
σT c u
2
thuB ,
where σT is the Thomson cross section and uB ≡ ρσ/2
is the magnetic energy density. The emissivity is given
by ˙ = nePsync, and recalling that η˙ = −γ˙/ρ (Equation
4), we have
η˙ = −4
9
N˙
(re
r
)2(γ2th − 1
v
)
σ , (11)
where N˙ = 4pif/mec
2 is the pulsar’s particle production
rate, re is the classical electron radius, and me = ρ/nec
2
is the electron mass. Further useful diagnostics to be en-
countered later on in Section 4.1 include the synchrotron
frequency,
νsync =
3
4pi
ωgγ
2
th ,
where ωg = vth/rg and rg is the comoving electron gyro-
radius, and the dimensionless radiated power
εrad = 1− η/η0 .
Our assumption that particles are distributed mono-
energetically, dne/dγ = neδ(γ − γth), may be dropped
in a more sophisticated analysis. For example, if one as-
sumes power-law distributed particle energies, dne/dγ ∝
γ−p then an additional parameter γmax needs to be spec-
ified independently. A reasonable choice for γmax is the
energy of a particle whose gyro-radius is marginally con-
fined by the local turbulent eddies, rg . `. Of course,
that may be an underestimate since particles experienc-
ing Bohm diffusion rg  ` continue to be accelerated
by the second-order Fermi process. In modeling emis-
sion from the Crab Nebula, Kennel & Coroniti (1984b)
assumed that particles reach the energy at which they
would be marginally confined within the termination
shock radius, ∼ few × 1017 cm.
2.4. Turbulent magnetic relaxation
Here we develop a prescription for the local rate ζ˙ of
magnetic dissipation in the pulsar wind nebula. Our
starting assumption is that magnetic free energy has a
half-life τ = `/vA, where ` is the proper scale of mag-
netic fluctuations (the “eddy” scale) and vA = (σ/w)
1/2
is the local Alfve´n speed. Given τ , the evolution of ζ is
given simply by ζ˙ = −ζ/τ . This expression is found by
first rearranging ζ˙ = σu˙+ σ˙u, and then separating σ˙ into
ideal and dissipative parts,
σ˙ = −σu˙
u
+
ζ˙
u
= σ˙ideal + σ˙diss . (12)
Equating the dissipative term σ˙diss ≡ ζ˙/u with −σ/τ
yields the expression ζ˙ = −ζ/τ .
So far, this procedure for treating dissipation is equiva-
lent to that employed by Drenkhahn (2002) and by Gian-
nios & Spruit (2007) for analysis of magnetic dissipation
in gamma-ray burst outflows. It is also similar to the
formalism developed by Lyubarsky & Kirk (2001) and
Kirk & Skjaraasen (2003) to characterize magnetic re-
connection in the pre-shock pulsar striped wind. The
only significant difference is that the latter authors uti-
lized various microphysical prescriptions to specify the
speed vrec of magnetic reconnection. In Appendix B we
show that our approach and theirs are equivalent if vrec is
instead taken to be the Alfve´n speed, and the comoving
stripe separation is chosen as the eddy scale, ` ∼ P?uc.
A potentially significant effect, that was not accounted
for in earlier studies, is evolution of the eddy scale. In
particular, growth of ` over time is now understood to be
a general feature of turbulent magnetic relaxation (Zrake
2014; Brandenburg et al. 2015; Zrake & East 2016; Cam-
panelli 2016). Previously, the “inverse energy transfer”
was thought to operate only when the field had a signifi-
cantly non-zero magnetic helicity measure (see e.g. Frisch
et al. 1975). MHD simulations presented in Zrake (2014)
demonstrate that a magnetic field, that is initially tan-
gled isotropically at a small scale, relaxes according to
σ˙ ∼ −σ/τ , while ˙` ∼ `/τ . Turbulent motions are sus-
tained at roughly the comoving Alfve´n speed. Over time,
the cascade slows because the Alfve´n speed drops, and
5also because the eddy scale grows. This process yields
self-similar temporal and spectral evolution that persists
while ` remains smaller than a global system scale (the
nebula in the present context).
The scaling behavior of turbulent relaxation reported
in Zrake (2014) was limited to conditions where the
plasma was overall at rest in a periodic box. However, we
are interested here in decaying turbulence that is embed-
ded into a flow, and whose scale is thus influenced by the
expansion or compression of that flow as it accelerates
or decelerates. In other words, evolution of ` is driven
by adiabatic effects, and simultaneously by the dissipa-
tive action of the cascade. For this reason, we choose
to characterize eddies based on their mass m, which re-
mains fixed under the adiabatic effects alone. The eddy
mass and scale are related through the ambient density
ρ, and the assumption that eddies are isotropic; m ≡ ρ`3.
When the flow is not expanding or contracting, the two
laws m˙ ∼ m/τ and ˙` ∼ `/τ say the same thing (with
appropriate prefactors). Evolution of m in this way sim-
ply states that magnetic structures intend to reduce their
energy by merging with one another. Merging between
eddies proceeds over a dynamical time, and results in an
eddy with double the mass. The process repeats itself
hierarchically, while τ adjusts to the local values of ` and
vA,
ζ˙=−ζ/τ (13)
m˙=m/τ
τ = `/vA
`= (m/ρ)1/3 .
More details on the turbulent magnetic relaxation pic-
ture, including a sensible explanation of the inverse en-
ergy transfer, are provided in Appendix A.
3. TURBULENT DISSIPATION OF THE STRIPED WIND
3.1. Turbulent dissipation in the free-expanding wind
Winds driven by obliquely rotating pulsars contain
“stripes” around the equatorial region. The stripes are
reversals of the azimuthal magnetic field, separated by a
half-wavelength λ = P?v/2 (Michel 1971, 1982). Mag-
netic reconnection across the reversals has been consid-
ered as a possible mechanism by which the wind’s elec-
tromagnetic energy may be dissipated upstream of the
termination shock (Coroniti 1990; Michel 1994). How-
ever, those treatments neglected feedback of the dissi-
pated magnetic energy on the global flow. Energy con-
serving analyses (Lyubarsky & Kirk 2001; Kirk & Sk-
jaraasen 2003) revealed that dissipated magnetic energy
goes toward accelerating the flow, due to reduction of
inward-pointing magnetic hoop stress. As the flow moves
faster, relativistic time dilation suppresses the dissipation
rate as seen in the pulsar frame. The Crab Pulsar’s wind
becomes weakly magnetized by the time it reaches the
termination shock if it is at the upper end of believable
mass-loading N˙ & 1040 s−1.
The analysis given in Lyubarsky & Kirk (2001) was
based on a plane-parallel reconnection model, in which
cold, magnetized plasma fills the volume between hot,
unmagnetized current layers. Hot current layers expand
into the cold plasma at a speed vrec, consuming magnetic
energy as they proceed. The fraction of volume occupied
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Fig. 1.— Shown here is the four-velocity u (top), and magneti-
zation σ (bottom) as a function of distance, for different models
of a dissipative MHD wind with σ0 = 2000. The thick solid curve
is the “fast-reconnection” picture described in Kirk & Skjaraasen
(2003). The vertical dashed line indicates the radius rturb at which
a dynamical time has elapsed in the comoving frame, and where
the fast reconnection picture should break down. The dashed line
shows evolution according to the turbulent relaxation picture.
by hot plasma, denoted as ∆, indicates how much of the
initial magnetic energy has been consumed, ζ = (1 −
∆)ζ0. To first order in both the expansion speed vrec
and the inverse Lorentz factor γ−1, ∆ evolves according
to (see Appendix B)
∆˙ = 2
vrec
λγ
+O(γ−2) +O(v2rec) . (14)
Thus, Lyubarsky’s prescription and ours are made equiv-
alent by the identifications ` → λγ, vrec → vA/2, and
∆˙→ τ−1, and by replacing ζ = (1−∆)ζ0 with ζ˙ = −∆˙ζ,
so that ∆ is formally allowed to exceed unity. Conve-
niently, ∆ may here be interpreted as the number of
elapsed Alfve´n times felt by a fluid parcel.
It was argued in Zrake (2016) that the planar geom-
etry of the current layers would only persist until order
one comoving Alfve´n times had elapsed, ∆ ∼ 1. Subse-
quently the striped magnetic field becomes isotropic and
dissipation should be described by turbulent relaxation.
Thus, the onset of isotropic turbulence accompanies the
transition to particle-dominated flow, which again, oc-
curs upstream of the shock only if the wind is well mass-
loaded. Nevertheless, we will explore briefly evolution
of the striped wind, if it were allowed to expand freely
6beyond the turbulence transition. We do this by set-
ting ` to λγ until ∆ = 1, and henceforth evolving ` ac-
cording to the turbulent relaxation model. For as long
as ∆  1, σ remains large and thus vA ≈ c. We ex-
pect the asymptotic solutions to obey the same scaling
as the “fast reconnection” picture presented in Kirk &
Skjaraasen (2003), because that also adopts constant re-
connection speed (that of sound c/
√
3 in the hot plasma).
Figure 1 illustrates this equivalence for a hypotheti-
cal wind having a magnetization σ0 = 2000, and which
continues to 1015rL without passing through a termina-
tion shock. We see that indeed ∆ and u both evolve
∝ r1/3. Beyond ∆ = 1, the solution is integrated in
two ways: (1) by extending the fast reconnection pic-
ture, where ` remains equal to λγ and (2) by using the
turbulent relaxation picture where ` increases according
to Equation 13. Since roughly half of the magnetic en-
ergy has already been spent by the time ∆ ∼ 1, further
evolution of u is not affected much by how dissipation is
prescribed where ∆ > 1. Magnetization σ, on the other
hand, evolves much more slowly when turbulent growth
of ` is accounted for.
3.2. Forced reconnection at the shock
Now we consider dissipation of the striped wind beyond
the termination shock, assuming that it arrives there well
magnetized. At the shock, the flow is compressed and
decelerated below the fast magnetosonic speed. So, as
discussed in Section 2.2, any dissipation that occurs be-
yond it only further decelerates the flow. Such “forced
reconnection” has been studied in depth for its possi-
ble role in energizing at least some of the Crab Neb-
ula’s radio-emitting, non-thermal electrons. However, as
pointed out by Lyubarsky (2003b), the post-shock tem-
perature is likely high enough that electron gyro-radii
exceed the stripe wavelength, rg > `. Electron heating
in this regime has been studied using kinetic simulations
by Lyubarsky & Liverts (2008). Forced reconnection of
the striped wind has also been examined in a regime
where post-shock kinetic scales remain smaller than the
stripe separation, in both kinetic (Sironi & Spitkovsky
2011) and hydromagnetic (Takamoto et al. 2012) set-
tings. Here, we analyze the post-shock forced recon-
nection using our model, even though turbulent dissi-
pation is probably not an appropriate treatment when
the eddy scale is microscopic. Still, this approach ex-
tends the analysis of Lyubarsky (2003b), by resolving
the forced reconnection zone. This approach also ex-
tends the analyses of Lyubarsky & Liverts (2008); Sironi
& Spitkovsky (2011); Takamoto et al. (2012), which do
resolve the post-shock reconnection zone, but do not ac-
count for the flow’s spherical geometry or its macroscopic
evolution throughout the nebula. Our aim is to deter-
mine the magnetization and radiative efficiency of the
nebular flow, at latitudes where stripes may be fully dis-
sipated. This applies to the equatorial belt in the Crab
Nebula, or at all latitudes in a hypothetical nebula pow-
ered by an orthogonally rotating pulsar.
We choose a set of wind parameters, L? = 5 ×
1038 erg/s, N˙ = 1036 s−1, and σ0 = 2×105, intended to il-
lustrate extreme electron heating and photon production
in the forced reconnection. Such small mass-loading im-
plies that the each particle must bear a relatively greater
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Fig. 2.— Evolution of the post-shock pulsar striped wind. Shown
here, from top to bottom, is the radial four-velocity u, cascade
number ∆, magnetic field strength B, electron temperature kBT ,
photon energy hνsync, and radiated power εrad, all as a function of
distance downstream of the shock, for particular wind parameters
L? = 5× 1038 erg/s, N˙ = 1036 s−1, and σ0 = 2× 105. Dissipation
occurs in the “fast reconnection” regime upstream where ∆ < 1,
and in the turbulent regime once ∆ ≥ 1. The horizontal dashed
line in the top-most panel indicates the nominal nebula expansion
speed uneb = 2000 km/s, while the vertical dashed line marks the
nominal nebula boundary rneb = 2 pc.
7portion of the wind power, such that the post-shock tem-
perature and thus synchrotron frequency is higher. The
freely expanding wind is assumed to dissipate in the
fast reconnection regime described in Section 3.1, be-
cause for these parameters, ∆ remains small (. 10−2)
out to the shock. At the distance rts = 3 × 1017 cm, we
solve the Kennel-Coroniti jump conditions (see Equation
C1) and continue integrating the solution on the down-
stream side of the shock. There, ∆′ increases dramati-
cally such that ∆ goes through unity after a few wave-
lengths ∼ 109 − 1010 cm. Once ∆ > 1 we switch to the
turbulent relaxation model.
A number of points are illustrated by the solution,
shown in Figure 2. First, dissipation (and thus decel-
eration) occur rapidly on the downstream side of the
shock, even though turbulent relaxation is slowed by
the growth of `. Since we have assumed zero resid-
ual (stripe-averaged) magnetic field, reconnection pro-
ceeds toward arbitrarily small values of the magnetic
field. This has two immediate consequences — (1) that
the flow decelerates well below the nebula expansion ve-
locity uneb ≈ 2000 km/s, such that the outer boundary
condition cannot be satisfied, and (2) that the magnetic
field at large distance lies in the range of 10−9 G, much
weaker than what is thought to exist in the Crab Neb-
ula, 10−4 − 10−3 G. Thus, orthogonal rotation of the
Crab Pulsar is incompatible with our dissipation model.
If a residual magnetic field is included 3, then only that
part remains after a short distance beyond the shock. A
residual field might well be interpreted as the magneti-
zation invoked by Kennel & Coroniti (1984a) to match
the nebula expansion. However, any such residual field
at a given latitude should also be prone to reconnection
by mixing across the nebula equator or succumbing to
kink instabilities at high latitude. We analyze relaxation
of the large-scale residual magnetic field in Section 4.
Figure 2 illustrates a number of points related to syn-
chrotron radiation from the pulsar wind. First, effec-
tively no radiation comes from the freely expanding wind;
the synchrotron cooling time for streaming elections is
vastly longer than their adiabatic cooling time. This
point is already well appreciated, and known empirically
from the Crab’s “underluminous” zone (e.g. Hester et al.
2002). Second, electrons are only heated up to ∼ 1010 eV
by the shock itself, but may be further heated (at least for
the low mass-loading chosen here) up to ∼ 0.1 PeV in the
forced reconnection immediately downstream. The asso-
ciated photon energies reach to the MeV range. However,
the magnetic field dissipates at short range to much lower
values, and only ∼ 10−6 of the pulsar luminosity is ulti-
mately converted into γ-rays.
The wind parameters chosen for this example are inten-
tionally chosen to represent an extreme case of electron
heating in the forced reconnection. For more realistic
parameters, say N˙ ∼ 1038, the post-shock electron tem-
peratures are typically in the TeV range, with associated
photon energies in the UV to soft X-ray. However, the
choice of wind parameters has little bearing on the profile
3 A residual magnetic field ζ¯ may been implemented by replac-
ing Equation 13 with ζ˙ = −(ζ − ζ¯)/τ . Such solutions have been
examined but are not shown here, because they are identical, in the
context of the striped wind, to those obtained with the dissipative
shock jump condition of Lyubarsky (2003b).
of flow velocity and magnetic field strength at distances
larger than ∼ 1017 cm. In particular, we have not identi-
fied any relevant wind parameters which yield a realistic
radiative efficiency, again because the short-wavelength
oscillating magnetic field dissipates too quickly; produc-
ing the high radiative efficiency inferred for the Crab
requires a residual, or at least slowly dissipating compo-
nent of the magnetic field. In the next section, we show
that our turbulent relaxation model can match the outer
boundary condition and radiative efficiency if applied to
the large-scale toroidal magnetic field, rather than the
striped wind.
4. TURBULENT RELAXATION OF THE LARGE-SCALE
FIELD IN THE CRAB NEBULA
We now turn to the question of how the large-scale
toroidal magnetic field relaxes and dissipates in the vol-
ume of the nebula. This analysis intends to character-
ize the post-shock flow at moderate to high latitudes,
where the oscillating magnetic field is small or zero. We
thus evolve the freely expanding flow without any dis-
sipation, while the post-shock flow is evolved using the
turbulent relaxation prescription. We fix the wind lumi-
nosity L? = 5 × 1038 erg/s, which now stands for power
supplied to the nebula in the form of non-oscillating mag-
netic field, and should thus, strictly speaking, be smaller
by a factor of ∼ 3 (Komissarov 2012, assuming 45◦ obliq-
uity) than the pulsar spin-down power. The radiative
efficiency is set to a nominal value of εneb = 0.4, which
is marginally higher than current estimates in the range
of 20 − 30% (Hester 2008). The eddy scale near the in-
ner edge of the nebula, `sh is left as a free parameter,
to be determined by appropriate matching of the outer
boundary condition. The corresponding rate τ−1sh may be
interpreted loosely as the growth rate of kink instabili-
ties operating on the toroidal field around nebula’s X-ray
core (Begelman 1998). At larger distances the dissipa-
tion time-scale will increase. If the model is realistic, the
volume average τ¯ will be close to ∼ 80 yr, estimated by
Komissarov (2012) from calorimetric considerations.
4.1. Numerical procedure
We identify a family of wind solutions, one for each
value of `sh, that matches the nebula expansion speed
uneb = 2000 km/s and radiative efficiency εneb = 0.4.
We do this by numerically integrating 144 wind solu-
tions, tabulated on an evenly spaced 12 × 12 grid in
x ≡ log N˙ and y ≡ log σ. One such grid is generated
for each of 30 different values of `sh. On each grid,
[uneb, εneb] is recorded at all lattice points (x, y). We
then prolong the grid by a factor of 8 in both vari-
ables using third-order splines. Next we construct a
set of level surfaces [xu,ε(s), yu,ε(s)], parameterized in
arc-length s, along which uneb, εneb take on constant
values. Finally, we determine the intersection between
the level surfaces by minimizing the distance function√
[xu(su)− xε(sε)]2 + [yu(su)− yε(sε)]2 over (su, sε).
Figure 3 shows an example of one of the solution grids.
4.2. Results
Exploration of the parameter space reveals that the
outer boundary condition and the radiative efficiency
can only be matched simultaneously when `sh is quite
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Fig. 3.— Relief plot showing the radiative efficiency εneb of the
post-shock flow in the Crab Nebula, as a function of the wind
magnetization σ and particle production rate N˙ = 1038N˙38 s−1.
The color indicates the fraction of pulsar spin-down power that
has been converted into synchrotron photons once the flow reaches
the nebula boundary at ∼ 2 pc. Dashed contours are the level
surfaces of radiative efficiency εneb. The solid contours represent
level surfaces of uneb, the nebula expansion speed at its boundary.
The open circle at the intersection of the two heavier contours
indicates the values of σ and N˙ , that are favored by the turbulent
relaxation model, given the fiducial values εneb = 0.4 and uneb =
2000 km/s.
near (within ∼ 30% of) rts = 3 × 1017 cm, and when
N˙ = 1038 s−1 to within a factor of ∼ 5. On the other
hand, the pre-shock value of σ is found to be rather sen-
sitive to `sh, ranging from 10 when `sh = 2.8×1017 cm to
697 when `sh = 3.9× 1017 cm. Figure 3 shows an exam-
ple solution grid for which `sh = 3.5×1017 cm. The level
surfaces of uneb and εneb intersect at N˙ = 2.6× 1038 s−1
and σ0 = 285. Radiative efficiency increases with lower
mass-loading because each particle must bear a greater
portion of the wind’s dissipated magnetic energy, and
thus attains a higher thermal Lorentz factor. The nebula
magnetic field strength is found to be relatively insensi-
tive to N˙ .
Figure 4 shows six of the matching solutions for dif-
ferent values `sh, labeled for the value of σ0 that satis-
fies the boundary conditions. The different solutions are
largely distinguished by the post-shock speed, which for
the higher magnetization value remains at u ∼ 10 − 20
over ∼ 1016 − 1017 cm beyond the shock. For all solu-
tions, the electron gyro-radius rg (and indeed the skin
depth, not shown) is larger than the oscillating magnetic
field wavelength, suggesting that any stripes would dis-
sipate without energizing non-thermal electrons (Sironi
& Spitkovsky 2011). However, the kinetic scales remain
everywhere much smaller than the eddy scale, indicating
that MHD turbulent relaxation is an appropriate descrip-
tion of the mean field dissipation. Furthermore, non-
thermal particle acceleration may be successful in the
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Fig. 4.— Solutions of the post-shock nebular flow, when dissipa-
tion occurs due to large-scale turbulent processes. Shown are six so-
lutions with upstream magnetizations σ0 between 10 and 697, but
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and have a radiative efficiency εneb = 0.4. Shown, from top to bot-
tom, is the four velocity u, photon energy hνsync, electron gyro-
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turbulent reconnection, since there the magnetic fluctu-
ation scale is macroscopic.
Solutions are indistinguishable in the profile of mag-
netic field strength, which remains between 100 and
400µG out to 1018 cm and then declines to 10µG by
the nebula’s outer edge. The volume average of the neb-
ula magnetic field is very nearly 60µG in all our models,
9about half that required by the one-zone model of Meyer
et al. (2010). The photon energy peaks at 1018 cm in all
models, and varies from 1− 3 eV as σ0 increases (and N˙
decreases). The Crab spectrum peaks at around 4 eV, so
mass loadings at the lower end of our parameter range,
N˙38 = 2.5, are weakly favored. Electron temperatures
are from 100 − 200 GeV around r = 1018 cm, and the
gyro-radii are from 1013 − 1014 cm. Meanwhile, the tur-
bulent eddy scale (not shown in the figure) increases from
∼ rts by a factor of roughly 10, to ∼ rneb at the outer
edge, so the relaxation picture becomes marginally in-
applicable there. The dissipation time-scale varies from
about 4 months near the nebula core, to over 100 years
at the outer edge. The volume average is τ¯ ≈ 52 years
for all models, slightly lower than the 80-year dissipation
time scale determined in Komissarov (2012).
5. DISCUSSION AND CONCLUSIONS
We have developed a model for turbulent magnetic re-
connection in a pulsar wind nebula. The model is based
on stationary, one-dimensional MHD flow which embeds
a freely relaxing, small-scale magnetic field. Such charac-
terization of the internal magnetic field allows for a dissi-
pation model that is supported by recent developments in
the theory of relativistic magnetic reconnection and tur-
bulent relaxation. We examined separately dissipation of
the striped wind in both the freely expanding and post-
shock flow, as well as turbulent relaxation of the mean
magnetic field beyond the termination shock. Applied to
the Crab Nebula, this model reproduces the expansion
speed, radiative efficiency, and peak photon frequency
within a one-parameter family of solutions, and without
invoking unrealistically low values of the upstream mag-
netization, as required in the historical non-dissipative
models. Our model strongly favors a pulsar particle pro-
duction rate N˙ = 2.5×1038 s−1, and a magnetic thermal-
ization time scale which evolves from roughly 4 months
(the light-travel time of the wind termination shock ra-
dius) near the nebula core, to 100 years near its outer
edge. Such slowing of the turbulent cascade rate with
distance is not put in by hand, but results from scal-
ing laws derived from three-dimensional numerical sim-
ulations of turbulent magnetic relaxation (Zrake 2014).
We have also introduced a simple formalism for incorpo-
rating optically thin synchrotron losses into steady-state
MHD winds. Though not critical in the dynamics of the
Crab Pulsar wind, we will point out in Section 5.4 that
the radiative losses may dominate the reverse shock dy-
namics in the striped wind of a “millisecond magnetar”.
5.1. Limitations
The model we have developed here is overly simplis-
tic in a number of ways. First, we do not account for
any non-spherical geometry. In this approximation, the
equations of motion and the shock jump conditions are
formally valid in transverse MHD only at the equator.
More realistic, two-dimensional shock jump conditions
have been analyzed in connection with the Crab’s inner
knot feature (Yuan & Blandford 2015; Lyutikov et al.
2016a). Also, in treating the radiative losses we assumed
that particles were mono-energetic, whereas Kennel &
Coroniti (1984b) produced integrated spectra by assum-
ing that particles occupy a power-law in energy. In prin-
ciple, we could have done the same here, but that would
require a particle spectral index to be selected by hand.
Given that the magnetic field strength and coherence
scale are both predicted by the model, the particle spec-
trum could be truncated at the energy where gyro-radii
would exceed the local eddy scale. A more sophisticated
treatment along these lines may be pursued in a future
work.
5.2. Crab γ-ray flares
The Crab’s γ-ray flares (Tavani et al. 2011; Abdo
et al. 2011) have been widely interpreted as the sig-
nature of exceptionally powerful reconnection episodes
(Uzdensky et al. 2011; Clausen-Brown & Lyutikov 2012;
Cerutti et al. 2012, 2014a,b; Nalewajko et al. 2016; Yuan
et al. 2016; Lyutikov et al. 2016b). Reconnection is most
promising to explain flares if it occurs where the plasma
is strongly magnetized. As pointed out by Lyubarsky
(2012), such a region is expected to occur in the z-pinch
at high latitudes. In his model, the core of the pinch
would be of the order 1016 cm, roughly the scale of the
emitting region as implied by the ∼ 10 hr flare dura-
tion. Despite the rather artificial geometry of our own
model, it also predicts a strongly magnetized region re-
gion, σ˜ . 103 of scale 1016−1017 cm, when the upstream
magnetization is high. Interestingly, in that region (just
past the termination shock, see Figure 4) plasma moves
radially outward with a Lorentz factor . 20. The im-
plied Doppler beaming could help account for the spec-
tral cutoff, which for some flares exceeds the radiation
reaction limit ∼ 100 MeV (e.g. Buehler et al. 2012). In
our model, the post-shock flow is relativistic and strongly
magnetized only where stripes are negligible. Where they
dominate, the magnetization decreases and the flow de-
celerates immediately beyond the shock in the forced re-
connection (see Figure 2). This may still be consistent
with a scenario discussed in Arons (2002), where the flar-
ing region lies marginally upstream (or perhaps within
the kinetic structure) of the termination shock, where
the radial Lorentz factor remains high.
5.3. Evolution of the PWN particle spectrum
We hope that the model developed here will find utility
in multi-zone modeling of particle transport and accel-
eration in PWNe. This could be useful in modeling of
PWNe for which multi-band, spatially resolved observa-
tions are available, such as MSH 15-52 (e.g. An et al.
2014) and 3C 58, not to mention the Crab. It could also
help determine the rate of positron leakage from the neb-
ula, and help assess the importance of PWNe as galactic
positron sources. Unlike one-zone models (Gelfand et al.
2009; Bucciantini et al. 2011) for which the spectral en-
ergy distribution of injected electrons is a model param-
eter, a multi-zone treatment could possibly predict the
spectrum from humbler assumptions. For example, one
might solve an advection-diffusion equation, where the
advective part is given by the flow velocity u, and the
spatial diffusion by the eddy scale ` and fluctuating ve-
locity vA. The latter yields a turbulent diffusivity, while
the local specific heating rate ζ˙ may be used to normal-
ize energy gains by the electron population. This may
be taken up in a future work.
5.4. EM counterparts from “millisecond magnetars”
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Rapidly rotating, strongly magnetized neutron stars
have been invoked in connection with a variety of ob-
served and hypothetical astrophysical transients. Many
γ-ray bursts, both long and short, exhibit an extended
X-ray emission plateau, which has been widely inter-
preted as the signature of sustained energy injection by
a nascent PWN. Generally, one imagines the nebula to
be confined by a massive shell, either of stellar ejecta in
the case of long bursts and superluminous supernovae, or
material dynamically expelled from a binary neutron star
merger in the case of short bursts. In either scenario, the
resulting emission is expected to be more isotropic than
the γ-ray burst itself, and is thus interesting as a pos-
sible electromagnetic counterpart to gravitational wave
detections of binary neutron star coalescence.
Conditions in these hypothetical PWNe are qualita-
tively distinct in a couple of ways from those of the Crab
Nebula. The radiative energy density εrad in the nascent
nebula could be so high as to initiate a cascade of e±
pair production, so that mass conservation df = 0 does
not apply. As a result, the plasma density may be high
enough to trap synchrotron photons, so that dη = 0 even
when Psync 6= 0. Pair production is robust when the neb-
ula compactness parameter
`c = (εrad/mec
2)σT δRneb (15)
is high. As we saw in Section 3.2 the pre-shock flow is
cold and non-radiative, so pair production should only
commence in the region of width δRneb between the re-
verse shock and the confining shell. Equation 15 indi-
cates that if some photons were to leak out from the
nebula, then pair production would be suppressed for
two reasons. The first, of course, is that leakage reduces
εrad and thus `c directly. The second is that loss of radi-
ation pressure in the shocked plasma allows the reverse
shock to advance toward the shell, reducing δRneb. This
further decreases the nebula optical depth, meaning that
a slightly “deflated” nebula only becomes more leaky.
Of course, the details of radiation leakage from nascent
PWNe are beyond the present scope. Nevertheless, we
make two observations here that could motivate future
more detailed calculations. First, we point out that un-
der conditions relevant to binary neutron star mergers
(those yielding a millisecond magnetar), the synchrotron
efficiency of the reverse shock can go up to 100%, with
all the radiation produced above 100 MeV. Photon losses
may become relevant at such high energies because Klein-
Nishina effects reduce the optical depth of the shocked
plasma and confining shell. Also, the relevant shell
albedo would be that of γ-rays, while X-ray albedo has
been adopted in earlier analyses (Metzger et al. 2013;
Metzger & Piro 2014; Kasen et al. 2016). Second, we
argue that the pair cascade might in some cases appear
intermittently or not at all.
Consider the special case of a stable millisecond mag-
netar formed in a binary neutron star merger. We
adopt nominal source parameters L = 5 × 1047 erg/s,
N˙ = 1048 s−1, and σ0 = 5 × 103, and place the ejecta
at Rej = 0.1c × 1 hr ≈ 1013 cm, moving outwards at
0.1c ≈ 30, 000 km/s. Now suppose the pulsar is an or-
thogonal rotator, so that its electromagnetic power is all
in the striped wind as we analyzed in Section 3. With
those parameters fixed, vary the shock location until the
flow matches smoothly onto the ejecta. If the plasma is
optically thick, then synchrotron losses should be ignored
as photons are trapped and contribute to the gas pressure
with the same equation of state, Γ = 4/3 as the plasma
particles. In this case, the shock is found to lie about
half way to the ejecta shell (similar to Figure 2), so the
assumption δRneb ∼ Rej in calculating `c (e.g. Metzger
et al. 2013) appears to be well justified. However, unlike
the result shown in Figure 2 for Crab parameters, the
synchrotron frequency is & 100 MeV, and the efficiency
εrad in the forced reconnection zone is essentially 100%.
Accounting for the Klein-Nishina suppression, κ ≈ 10−2
at 100 MeV,
τneb = κσT ne δRneb
is found to be . 10−2. Therefore, synchrotron photons
produced at the reverse shock traverse the nebula, and
their fate is determined by the albedo and optical depth
of the shell. If insufficient radiation were reflected back
to the nebula, then εrad and thus `c would be small, and
the pair cascade could fail.
Of course, the preceding analysis ignores the enhance-
ment of ne brought on by a pair cascade. If one operates,
then once again τneb  1, photons are trapped, radiation
pressure forces the reverse shock to recede inwards, the
compactness parameter is kept large, and pair production
continues. But this illustrates the point made previously,
that the pair cascade depends on itself to survive, and
is thus a complex problem. Unraveling the non-linear
physics may require a detailed calculation of fully cou-
pled magnetic reconnection, synchrotron radiation, pho-
ton propagation, and pair production processes. It is
difficult to say whether such a pursuit would be fruitful
in the present context. Nevertheless, similarly complex
relativistic plasma systems were examined by Timokhin
& Arons (2013), and also by Beloborodov (2016) with in-
teresting applications to pulsars and γ-ray burst prompt
emission, respectively. Continued research along these
lines was advocated for by Uzdensky (2015).
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APPENDIX
TURBULENT RELAXATION MODEL
Coherent magnetic structures (eddies, or flux tubes) grow over time by merging with one another as a result of
coalescence instability (e.g. Finn & Kaw 1977; East et al. 2015), and they also grow or shrink due to the expansion or
compression of comoving volume. For the latter reason it is convenient to utilize the eddy mass m as a proxy for its
12
scale. In three dimensions, magnetic structures are cylindrical flux tubes, having mass m ∼ ρ`3 (assuming their length
and radius are comparable). The flux tubes are locally relaxed equilibria and thus generally helical (Matthaeus &
Montgomery 1980; Matthaeus et al. 2012), having comparable axial and azimuthal field strength. When net magnetic
helicity is zero, left and right polarized flux tubes exist in equal number. Pairs can join by reconnecting their azimuthal
field when their axial electric current vectors are parallel, but they only form a stable structure when their axial
magnetic fields are also parallel; otherwise the axial field annihilates and renders the merged flux tube kink-unstable.
Thus only half of the merging episodes (those occurring between like-polarized tubes) yield stable structures, and so
the total number of eddies s decreases by a factor of four in each stage of coalescence, sn+1 = sn/4. Stages proceed at
the cascade rate
n˙ =
vrec
`
,
where vrec is given roughly by the local Alfve´n speed vA = (σ/w)
1/2. Each merging event conserves mass and magnetic
helicity, so we have mn+1 = 2mn and hn+1 = 2hn. Meanwhile, the magnetic energy per eddy drops according to
n = hn/`n. The volume-averaged magnetic energy per unit mass is given by σn = snn/ρ. Here, the cascade number
n is a discrete version of the variable ∆ used throughout the paper.
When expansion is neglected (ρ˙ = 0), this heuristic yields a decay law in which the characteristic eddy scale
increases over time as ` ∝ t2/5, and the magnetic energy decays as σ ∝ t−6/5. Such behavior was seen by Zrake (2014)
in simulations of freely decaying, non-helical relativistic MHD turbulence in three dimensions. However, the heuristic’s
applicability to an expanding volume has not yet been explored directly with numerical simulations. Arguably, one
expects the eddy mass to be a good proxy for its scale whenever the turbulence cascade rate n˙ is fast compared with
the secular evolution. Comoving volume in the pulsar wind expands at a rate ω⊥ = u/r in the transverse direction,
and at ω‖ = u˙/u in the longitudinal direction. If either of the expansion rates was faster than n˙, the magnetic field
pattern would become frozen into the flow, and get stretched in whichever direction expands faster. This situation
corresponds to the magnetic free energy scale exceeding that of the local horizon. Provided the cascade is faster than
both expansion rates, eddies maintain their isotropy in the comoving frame, and use of the mass coordinate in place
of scale is well justified.
PLANE-PARALLEL RECONNECTION PICTURE
Here we review the conditions under which the plane-parallel reconnection picture of Lyubarsky & Kirk (2001) is
equivalent to the turbulent relaxation model. Near the pulsar, the striped wind consists of cold, well-magnetized
plasma. The azimuthal magnetic field alternates in direction every half-wavelength λ = P?v/2. Magnetic reconnection
operates around the reversals, causing slabs of hot plasma to expand at a speed vrec. The hot regions occupy a fraction
∆ of the wind volume, and so 1−∆ is the surviving fraction of the wind’s magnetic energy. Consider a cold plasma
volume which is bounded by current layers centered at r1, r2. As the current layers expand, the one centered at r1
extends forward to r+, while the one centered at r2 extends backward to r−, so we have
∆ = 1− r− − r+
r2 − r1 . (B1)
Now, dr1dt = v and to linear order
dr2
dt = v + λ
dv
dr , where λ = r2 − r1 and t here denotes time in the pulsar frame.
The velocity gradient is given by dvdr = ω‖γ
−3 where ω‖ = u˙/u = dudr is the acceleration rate. The reconnection fronts
advance according to the relativistic velocity addition of the flow and vrec,
d
dt
r± =
v± ± vrec
1 + v±vrec
, (B2)
where v± = v + (r± − r1)dvdr . We also assume that r1 + r2 = r− + r+. Since the wind is ultra-relativistic, we expand
∆˙ = γ d∆dt in powers of γ
−1,
∆˙ =
2vrec
1− v2rec
{
1
λ
γ−1 − ω‖ [1 + vrec(1−∆)] γ−2 +O(γ−3)
}
. (B3)
Further dropping terms of order higher than v2rec, we arrive at
∆˙ =
2vrec
λγ
+O(v2rec) +O(γ−2) ,
which is the same as Equation 14, and equivalent to Equation C3 of Kirk & Skjaraasen (2003). The second order
term in Equation B3 inhibits the progress of reconnection fronts by stretching the background flow, but remains small
provided λ hrec, where hrec = urec/ω‖ is the local horizon scale with respect to the reconnection speed. Sticking to
first order in γ−1 is thus sufficiently accurate unless reconnection were somehow to proceed ultra-relativistically.
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SHOCK JUMP CONDITIONS
The Kennel-Coroniti jump conditions are given by conservation of mass, magnetic flux, energy, and momentum
across the shock,
u1ρ1 =u2ρ2
u1σ1 =u2σ2
γ1w1 =γ2w2
u1w1 +
1
u1
(
p1
ρ1
+
σ1
2
)
=u2w2 +
1
u2
(
p2
ρ2
+
σ2
2
)
,
where subscripts 1 and 2 refer to values just ahead of, and just behind the shock respectively. Together with the Γ-law
equation of state, these yield the following equation for the density jump δ ≡ ρ1/ρ2 across the shock,
η
(
δ
1 + ΓΓ−1u
2
1√
1 + u21
− 1 +
Γ
Γ−1u
2
1δ
2√
1 + u21δ
2
)
− σ1
(
Γ− 2
Γ− 1
)(
δ2 − 1
2δ
)
= δ − 1 . (C1)
